In this paper, we present a theory to efficiently deal with mechanical properties of heterogeneous polymer chain in free space and the central problem is to evaluate the diffusion equation and orientation-orientation correlation function, under the condition of varying persistence length (a measure of bending rigidity) along the chain contour. Additionally, we give the specifically experimental method to measure the variable persistence length to examine our theory. In order to verify the theoretical predictions, we also performed large numbers of Brownian dynamics simulations based on the Generalized Bead-Rod (GBR) model and showed that our theory is in good agreement with simulation results. As an application, sequence dependence of the mechanical behavior of DNA chains is successfully analyzed and we have given the exact persistence length of basic dinucleotide steps, which is verified through using the basic steps to design other DNA fragments.
Introduction
Single molecule mechanical experiments on semi-flexible biomolecules, such as, DNA and actin filaments have for long been depicted using a model of a homogeneous fluctuating elastic rod [1] [2] [3] . Nevertheless, advanced single molecule techniques are capable of investigating the configurations and properties of macromolecules at length scales of a few nanometers. At such small scales, it is no longer appropriate to regard the molecules as holding on homogeneous mechanical properties. In fact, several recent researches have found the extraordinary effects of the heterogeneous properties of biopolymers [4] [5] [6] [7] [8] [9] [10] [11] . For example, heterogeneous mechanical properties are revealed in partially unfolded protein oligomers through atomic force microscopy [12] . Using circa 7 5 10 measurements of DNA extension in nanochannels, Chuang et al. [5] found that the 2% increase in fractional extension as GC content increase translates into a persistence length that varies by almost 20% due to the relatively weak dependence of the fractional extension on persistence length in the Odijk regime [13] [14] [15] . Making use of large numbers of DNA fragments with various quasi-periodic sequences, Geggier et al. [8] obtained the persistence length for the 10 dinucleotide steps [16] and presented a simple formula to calculate the equivalent persistence length of DNA fragments with different sequences based on 10 dinucleotide-step model. Xiaojing Teng et al. [9] confirmed that the persistence length of DNA chain is relying on the DNA sequence and also give the persistence length of different dinucleotide steps. These examples show that heterogeneous mechanical properties have been observed in experiments on biomolecules and they can have remarkable consequences which the homogeneous models [17] [18] [19] cannot interpret. These new findings motivate us to investigate the consequences of heterogeneity via detailed mathematical models.
A simple approach of introducing heterogeneity in polymer models is to classify monomers into hydrophilic and hydrophobic types as has been done in Ref. [20, 21] . Another model is the two-state wormlike chain model, which reduces to the fluctuating rod model in the low force limit , and to the Ising model at high forces [22] .
In this paper, we propose a new model for such a problem by allowing the persistence length ( ) p s of wormlike chain model (WLC) [19] to vary as an arbitrary function of arc length s . In addition, we give the specifically experimental method to measure the variable persistence length to verify our theory. For the purpose of validating the theoretical predictions, we have performed large numbers of Brownian dynamics simulations based on the Generalized Bead-Rod (GBR) model [23] [24] [25] [26] . As an application, sequence dependence of the statistical behavior of DNA chains is successfully investigated and we gave the exact persistence length of basic dinucleotide steps [4, 8, 9, 16] , which is verified through using the basic steps to compose the DNA fragments. In this section, we use the wormlike chain (WLC) model [17] [18] [19] in a three-dimensional space to investigate the polymer with varying persistence length along the polymer chain. In the continuum model, the total polymer contour length along the chain is L and the arc length
Model
is the position vector and unit tangent vector of the s polymer element, respectively. According to Saito-Takahashi-Yunoki curvature model [27] , the reduced configurational energy can be written as
where ( ) p s is persistence length along the arc length,
T is the temperature). Now, we introduce a propagator ( ) , , q s r u [28] , which represents the probability of finding a polymer segment of arc length s with its terminal end appearing at a space point represented by the vector r and pointing at the direction specified by the unit vector u . Accordingly, the partition function can be obtained from [29, 30] ( )
Next, we can follow the Green's function approach [27] [28] [29] [31] [32] [33] [34] to derive the diffusion equation of the system of a wormlike chain with varied bending rigidities, i.e.,
where all the details can be found in Appendix A. Based on Eq. (3), we can also obtain the orientational correlation function and the mean squared end-to-end distance of the polymer chain [27] , i.e., 
Tab. 
where n is the period number, l is the length of each period and the detailed deductions can be found in Appendix B
. Based on eq (7), we can obtain the equivalent persistence length of the periodical chain
where p is the equivalent persistence length, 1 p and 2 p are different persistence length of each period, 1 k and k is the fraction of 1 p and 2 p in the period, respectively. Here the details can be found in Appendix B
Measurements of Variable Persistence Length
For the purpose of measuring the value of ( ) p s through experimental approach, we also derived the relationship between 2 R and ( ) p s . From eq (5), we can get ( )
Based on eq (9) and eq (10), we can obtain ( )
Through appropriate experimental method, we can get the mean squared end-to-end distance 2 R of sufficient number of points along the polymer chain. Therefore, we can take the Finite Difference Method [35] [36] [37] , Wavelet Method [38] [39] [40] or other approximate methods to calculate the persistence length ( ) p s of these points.
Brownian dynamics simulations
The simulations were performed based on the GBR model for the Brownian dynamics of WLC [23] . In the GBR model, a polymer chain is described as N identical virtual beads of radius, a , at positions,
where ( ) n F is the collective vector of internal and external forces, ( ) n ξ is the vector of random force generated at each time step from a Gaussian distribution with zero mean and variance equal to
and t D is the time step, nn d ¢ is the Kronecker delta symbol, For the linearly varying persistence length, we have compared Brownian dynamics simulation results with corresponding theoretical predictions based on eq (5) and eq (6) , which is illustrated in Fig.2 .
Fig. 3 Comparisons of Brownian dynamics simulation results with corresponding theoretical
predictions based on eq (5) and eq (7) . The persistence length of the chain changes periodically 1 50 nm p = with 60 nm 2 100 nm p = 60 nm on first , on next . Fig. 3 compares Brownian dynamics simulation results with corresponding theoretical predictions based on eq (5) and eq (7), under the condition of periodically variable persistence length. From Fig. 2 and Fig. 3 , it can be seen that simulation results are in good agreement with theoretical predictions, which can validate the correctness of eq (5) in the circumstances of linearly and periodically variable persistence length. As is illustrated in Fig. 4 and Fig. 5 , we have perform comparisons of Brownian dynamics simulation results for the wormlike chain with corresponding theoretical predictions based on eq (11), under the circumstances of linearly ( Fig. 4 ) and periodically ( Fig. 5 ) variable persistence length, respectively. In the simulations of Fig. 4 and Fig. 5 , we have adopted the Finite Difference Method [35] [36] [37] to obtain the persistence length of the data points, i.e., (14) where b is the bond length of the WLC and i s ( 2,3,4 i = K) is arc length of the th i data point. It can be seen from Fig. 4 and Fig. 5 that the simulation results are in good agreement with those predicted by eq (11) . . Based on eq (8), we can obtain the equivalent persistence length 33.3nm p = .
( )
As is shown in Fig. 6 and Fig. 7 , we have performed simulations to verify the equivalent persistence length of the chain, in the circumstances of periodically ( Fig. 6 ) and arbitrarily ( Fig.   7 ) variable persistence length, respectively. From Fig. 6 and Fig. 7 , we can see the simulation results are in good agreement with theoretical predictions. [41, 42] . Nevertheless, recent experimental investigations revealed that DNA persistence length is interrelated with special DNA sequence [4, 5, 9] .
Applications
In order to tackle this intractable problem, we calculated the equivalent persistence length of 10 basic dinucleotide steps [8] based on eq (5 Using the persistence length of 10 basic DNA dinucleotide steps in Tab.2, we can predict the equivalent persistence length of any DNA fragments or long chains, based on eq (6) and eq (51) of classic WLC model. As is shown in Tab.3, we have acquired the persistence length of 5 long fragments of DNA: HPL2 [8] , LPL2 [8] , λ DNA fragment [44] , IS(intrinsically straight) fragments [44] and SG1 [8] . From Tab. 3, it can be seen that our predicted value is in perfect agreement with experimental value.
Conclusions
In the present contribution, we have developed a new model for heterogeneous polymer chain in a free space, i.e., the WLC model with the variable persistence length along the chain, not the classically fixed persistence length. Theoretically, the kernel is deducing the diffusion equation and orientation-orientation correlation function, under the condition of varying persistence length along the chain contour. Additionally, we give the specifically experimental method to measure the variable persistence length to validate our theory. In order to verify the theoretical predictions, we have performed large numbers of Brownian dynamics simulations based on the Generalized Bead-Rod (GBR) model [23] [24] [25] [26] . Furthermore, as an application, sequence dependence of the persistence length of DNA chains is successfully analyzed and we have given the exact persistence length of basic dinucleotide steps [8, 9, 16] , which is verified through using the basic steps to design other DNA fragments.
Appendix A
In this appendix, we will introduce a propagator ( ) , , q s r u [28] , which represents the probability of finding a polymer segment of arc length s with its terminal end appearing at a space point represented by the vector r and pointing at the direction specified by the unit vector u , to obtain the diffusion equation [28] for the wormlike chain with variable bending rigidities along the chain. Consider a chain segment of length s with the initial end labeled 0 s = and the final terminal labeled s s = . The initial end is located at 0 r and has a unit tangent vector 0 u ; these vectors for the terminal end are r and u . In order to derive the diffusion equation, we assume that propagator for a segment of length s , ( )
, , q s ¢ ¢ r u , already exists and examine the statistics of the polymer segment s s + D by adding an infinitesimal element s D successively. This is a usual approach in dealing with a similar functional integration with the assumption 0 s D ® [30] . In this case, the segment element can do two things: moving the original path along the same ¢ u direction hence increase the position vector by s ¢D u , s ¢ ¢ = + D r r u , (15) and bending from this vector element by an amount Du , ¢ = + D u u u .
Using the Boltzmann weight
where 0 Q is a normalizing factor ( ) ( ) 
Using the relationship between the vectors in eq (15) and eq (16) and expanding for small s D and Du , we have (19) where Ñ r and Ñ u denote, respectively, gradients with respect to position r and orientation u , and the gradient of fixed u vector is notated by u . Carrying out the integral with respect to Du in eq (17) , we arrive at (20) where 2 Ñ u denotes the Laplacian operator. Taking the 0 t D ® limit, we obtain the diffusion equation that the propagator obeys 
The diffusion equation eq (21) provides full information about the propagation of correlations in segment position and orientation along a wormlike polymer chain, and it apparently does not have a simple closed-form analytic solution, although its spatial Fourier transform can be developed in a continued fraction expansion [45] .
If we restrict attention to orientational correlations, it is convenient to introduce a reduced distribution function or the orientation-orientation correlation function,
which can be interpreted as the probability density that the end of a wormlike chain of arc length s has orientation u . Based on Eq. (21), we have
which is a simple rotational diffusion equation that is amenable to analytical solution [27, 46] . Now, we express eq (23) in terms of spherical polar coordinates [27, 30, 47] ( ) 
where q and f are the polar angle and azimuthal angle of the spherical polar coordinates, respectively. If the persistence length c ( ) p s p = is a constant value in eq (24), we can get the Green's function of eq (24) following spherical expansion [30] , i.e., = - (29) where the asterisk * denotes complex conjugation. In order to obtain the Green's function of eq (24) with varying persistence length ( ) 
Thus, we can obtain the orientational correlation function [27] ( ) ( ) ( ) 
Based on Ref. [27, 30] , the mean squared end-to-end distance is given by 
Next, we will calculate A . 
Then, we can calculate B . Dividing the integral of eq (40) into two parts, we can obtain ( ) ( ) Comparing eq (50) with eq (51) gives the equivalent persistence length of the polymer chain, 
